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Non-vanishing cosmological constant effect
in super-Poincare-invariant Universe.
Asya V. Aminova∗ and Mikhail Kh. Lyulinsky†
Department of General Relativity and Gravitation,
Kazan Federal University, 18 Kremlyovskaya St., Kazan 420008, Russia
In [1] we defined the Minkowski superspace SM(4, 4|λ, µ) as the invariant of the Poincare super-
group of supertransformations, which is a solution of Killing superequations. In the present paper
we use formulae of super-Riemannian geometry developed by V. P. Akulov and D. V. Volkov [2]
for calculating a superconnection and a supercurvature of Minkowski superspace. We show that
the curvature of the Minkowski superspace does not vanish, and the Minkowski supermetric is the
solution of the Einstein superequations, so the eight-dimensional curved super-Poincare invariant
superuniverse SM(4, 4|λ, µ) is supported by purely fermionic stress-energy supertensor with two
real parameters λ, µ, and, moreover, it has non-vanishing cosmological constant Λ = 12/(λ2 − µ2)
defined by these parameters that could mean a new look at the cosmological constant problem.
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I. INTRODUCTION.
The consistent supersymmetry approach to the theory of gravitation according to which supergeometry
must be determined by the properties of supersymmetry requires the developing of group-invariant methods
in the supergravity. In this direction not only there were absent concrete results but in many cases the very
concepts that must be basic for the connection between the supergeometry and supersymmetry have not
been developed. In [1] an attempt was made to fill in this gap.
We consider the supersymmetry as an automorphism of a supergeometric structure and, in part, as an
infinitesimal supertransformation preserving the metric of the superspace, the metric itself is defined as the
invariant of the corresponding supergroup of transformations, in the spirit of Klein’s approach where the
notion of symmetry, or group of transformations, is a fundamental notion determining the geometry of the
space. Following this program we derived in [1] the Lie superderivative of a supermetric and defined the
Minkowski superspace SM(4, 4|λ, µ) as an invariant of the Poincare supergroup of supertransformations,
which is a solution of Killing superequations. The found supermetric contains two real parameters λ, µ and
becomes degenerate only if λ = ±µ. As a result we obtained the two-parameter family of the Minkowski
superuniverses that is being studied in this article.
The article is organised as follows. In the first section we introduce basic definitions and give a brief review
of earlier results. In the second section we discuss the super-Poincare-invariant Minkowski superspace. The
third and fourth sections are devoted to calculating a superconnection and a supercurvature of the Minkowski
superspace by using the apparatus of super-Riemannian geometry developed by V. P. Akulov and D. V.
Volkovs [2]. In the fifth section we write and analyze the Einstein superequations for Minkowski superspace.
We recall that a linear space g is called Z2-graded if it is represented in the form of a direct sum of two
spaces: g = g0⊕g1; elements of g0 and g1 are called homogeneous elements, even and odd, respectively. The
dimension of g is a pair (p, q), where p is dimension of even subspace and q is dimension of odd subspace.
The fact that x ∈ gi, i ∈ Z2 (i = 0, 1) is written in the form σ(x) = i and σ(x) is called the parity of the
element x.
The Lie superalgebra is a Z2-graded linear space with a fixed parity g = g
0 ⊕ g1, on which a bilinear
operation [x, y] (the supercommutator) is given so that for any homogeneous elements x, y, z ∈ g there hold
the following identities:
σ([x, y]) = σ(x) + σ(y),
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2[x, y] = (−1)σ(x)σ(y)+1[y, x],
[x, [y, z]](−1)σ(x)σ(z) + [z, [x, y]](−1)σ(z)σ(y) + [y, [z, x]](−1)σ(y)σ(x) = 0,
Let {eA} be a standard homogeneous basis in g: {eA} ∈ g
0 for 1 ≤ A ≤ p and {eA} ∈ g
1 for p+ 1 ≤ A ≤
p+ q, further we use the notation
σ(A) = σ(eA).
The structure constants CDAB of the Lie superalgebra are defined by the expansion [eA, eB] = C
D
ABeD.
Let Λq be the Grassmannian algebra, i.e. an associative algebra with the unit, where there exists a system
of q generators θ1, . . . , θq satisfying the relations
θαθβ + θβθα = 0, (θα)
2
= 0 (α, β = 1, . . . , q). (1)
If a multiplication of elements of the Lie superalgebra g by elements of Λq from the left is defined and for
homogeneous elements µ, ν ∈ Λq and x, y ∈ g there holds
[µx, νy] = µν[x, y](−1)σ(ν)σ(x),
then g is called the Lie superalgebra with Grassmannian structure.
The Lie superalgebras and there Grassmannian spans can be realized as an algebra of differential operators
of the form
(Xf)(z) =
∑
A
XA(z)
∂
∂zA
f(z), (2)
where XA(z) and f(z) belong to the local supermanifold, i.e. to the algebra Λp,q(U) of functions defined on
U ⊂ Rp with their values in Grassmannian algebra Λq. Elements of the algebra Λp,q(U) can be written in
the form
f = f(x, θ) =
∑
k≥0
∑
α1,...,αk
fα1...αk(x
1, . . . , xp)θα1 . . . θαk , (3)
where x1, . . . , xp are coordinates in U , θ1, . . . , θq are generators of Λq, and (z
1, . . . , zp+q) ≡
(x1, . . . , xp, θ1, . . . , θq) are the homogeneous (i.e. even (x) and odd (θ)) generators of Λp,q(U). In the
case of odd generator zA = θA, i.e. when σ(zA) = 1, the symbol ∂/∂zA in (2) denotes the left derivative
which is computed by carrying θA out from the product θα . . . θβ to the left according to rules (1) and then
deleting.
The set Dp,q(U) of operators (2) is Z2-graded. An operator X is homogeneous if its coefficients X
A are
homogeneous, and the sum σ(XA) + σ(zA) does not depend on A. In this case, the parity of the operator
X is equal to σ(X) = σ(XA) + σ(zA).
The supercommutator (the super Lie bracket)
[X,Y ] = XY − (−1)σ(X)σ(Y )Y X,
which defines a superanalog of the Lie derivative LXY turns Dp,q(U) into the Lie superalgeba called the Lie
superalgebra of (local) vector fields. For homogeneous operators X,Y ∈ Dp,q(U) we have
[X,Y ]A =
∑
C
(
XC
∂
∂zC
Y A − (−1)σ(X)σ(Y )Y C
∂
∂zC
XA
)
.
II. THE SUPER-POINCARE-INVARIANT MINKOWSKI SUPERSPACE.
Let M0 be a p-dimensional differentiable manifold. We assign to each open subset U ⊂ M0 the algebra
Λp,q(U) of infinitely diferentiable functions (3) on U with values in Grassmannian algebra Λq. The manifold
M0 with the sheaf of algebras Λp,q(U) is a supermanifold.
Consider a supermanifold with coordinates zA = (xa, θα), where xa (a = 0, 1, 2, 3) are bosonic (even),
and θα (α = 1, 2, 3, 4) are fermionic (odd) coordinates. Then σ(xa) = 0, σ(θα) = 1, where σ is the parity
operator.
3A superspace is said to be Riemannian one or super-Riemannian space if on this superspace there is given
a non-degenerate metric form ([3], p. 22, and [2])
ds2 = dzBdzAgAB(z) ≡ g˜ABdz
AdzB, gAB(z) = (−1)
σ(A)σ(B)gBA(z), (4)
where differentials dzA and dzB possess the same parity as the corresponding coordinates do, and
g˜AB = (−1)
σ(A)+σ(B)+σ(A)σ(B)gAB.
The contravariant metric tensor gAB is determined by the relation
gACgCB = (−1)
σ(A)σ(B)δB
A. (5)
Thanks to the signature factor (−1)σ(A)σ(B) in (5) we have
gACgCA = (−1)
σ(A)δA
A = 0. (6)
Minkowski superspace was defined in [1] as a superspace endowed with a supermetric invariant with respect
to transformations belonging to the Poincare’s supergroup. Then the Minkowski suppermetric must satisfy
super Killing’s equations
LXgAB ≡ XgAB + (−1)
σ(A)σ(X)
(
∂AX
C
)
gCB + (−1)
σ(B)[σ(A)+σ(X)]
(
∂BX
C
)
gCA = 0,
where LXgAB is the Lie derivative LX of a metric form gAB with respect to X [1], X are generators of the
Poincare’s supergroup realized in the following infinitesimal transformations:
Pa = ∂a, Mab = xa∂b − xb∂a +
1
2
θα (γab)α
β∂β , Qα = ∂α − θ
β
(
γaC−1
)
βα
∂a,
hereinafter lowercase Latin indices a, b, . . . take the values 0, 1, 2, 3, lowercase Greek indices α, β, . . . =
1, 2, 3, 4, γa are the Dirac gamma-matrices, γab = (1/2)(γaγb − γbγa), and C = iγ0γ2 is the matrix of
charge conjugation.
Solving the super Killing equations with respect to gAB, we have obtained the superextension of the
Minkowski metric ηab = diag(1,−1,−1,−1) as a supermetric invariant under the Poincare’s supergroup
ds2SM = dx
bdxaηab − 2dθ
βdxaθα
(
γaC−1
)
βα
+
dθβdθα
(
θγθδ
(
γaC−1
)
αγ
(
γaC−1
)
βδ
+ λ
(
C−1
)
αβ
+ µ
(
γ5C
−1
)
αβ
)
.
(7)
For finding contravariant components of Minkowski supermetric we expand the matrix (gAB) in a series with
respect to variables θ and separate the addend of degree zero: g =
0
g +U , where
0
g=

 ηab 0
0 λ
(
C−1
)
αβ
+ µ
(
γ5C
−1
)
αβ

 , (8)
U =

 0 −θδ
(
γbC
−1
)
αδ
−θδ
(
γaC
−1
)
βδ
θγθδ
(
γaC−1
)
αγ
(
γaC
−1
)
βδ

 .
The inverse to g matrix g−1 =
(
gAB
)
exists if and only if there exists an inverse to
0
g matrix
0
g −1 ([3], p. 91).
In this case the inverse matrix g−1 can be found with the help of the formula
g−1 =
(
∞∑
n=0
(−1)
n
(
0
g −1U
)n)
0
g −1 (9)
where the series from the right is finite because of nilpotency of the matrix
(
0
g −1U
)
. It is easy to check that
the inverse of the block-diagonal matrix (8) will not exist only in the following two cases: a) λ = µ, b) λ =
−µ. In all other cases the inverse of the matrix
0
g is of the form
0
g −1 =


ηab 0
0
(
λ2 − µ2
)−1 (
λCαβ − µ (Cγ5)
αβ
)

 .
4Applying (9) and taking into account (5) and (6) we find that
g−1 =
(
gAB
)
=
(
gab gaβ
gαb gαβ
)
,
where
gab = ηab (1 + θµθνAµν) , g
aβ = θµ (La)µβ , gbα = θµ(LbT )αµ, g
αβ = −Bαβ , (10)
and the following notations are used:
Aαβ ≡
1
λ2 − µ2
(
λ(C−1)αβ + µ(γ5C
−1)αβ
)
, (11)
(Lb)α
β =
1
λ2 − µ2
(
λ(γb)α
β − µ(γ5γ
b)α
β
)
, (12)
Bαβ =
1
λ2 − µ2
(
λCαβ − µ(Cγ5)
αβ
)
. (13)
If following the authors of the book [6] we assume that the ”real” theory of a massless point particle is a
supersymmetric theory [6] (Vol. 1, p. 33) then we must replace the action of a classical massless point
particle
S =
∫
ηabdx
adxb
by its supersymmetric generalization
S =
∫
ds2SM (14)
where ds2SM is the supermetric (7) derived from group-theoretic considerations. It is important to note that,
given the rule
∫
dθα = 0 ([3], p. 74) the action (14) corresponds to the action
S =
∫
ηab
(
dxa + θα (Cγa)βα dθ
β
)(
dxb + θµ
(
Cγb
)
νµ
dθν
)
(15)
([6], the formulae (1.3.4), p. 32 and (5.1.5), p. 283) that describes a point particle propagating not in
Minkowski space, but in a superspace with coordinates (xa, θα), here θα are anticommuting coordinates,
transforming as spinors under Lorentz transformations of coordinates xa.
III. A SUPERCONNECTION OF THE MINKOWSKI SUPERSPACE.
V. P. Akulov and D. V. Volkov [2] have defined the Levi-Civita superconnection of the super-Riemannian
metric (4) by the formulae
ΓA
B(d) = dzCΓCA
B(z),
ΓAB(d) = ΓA
C(d)gCB = dz
DΓD,AB,
ΓA,BC =
1
2
(
∂AgBC + (−1)
σ(A)σ(B)∂BgAC − (−1)
(σ(A)+σ(B))σ(C)∂CgAB
)
,
ΓA,B
C = (−1)σ(D)ΓA,BDg
DC , (16)
5where the following symmetry properties hold:
ΓA,BC = (−1)
σ(A)σ(B)ΓB,AC .
Applying these formulae to Minkowski supermetric (7) we get
Γa,bc = Γa,bδ = Γa,βc = Γα,bc = Γα,βc = 0,
Γa,βδ = Γβ,aδ = −(γaC
−1)βδ,
Γα,βδ = θ
ν
(
(γaC
−1)να(γ
aC−1)βδ − (γaC
−1)νβ(γ
aC−1)αδ
)
.
For ΓA,B
C we find by using (16) and (10)–(13)
Γa,b
c = Γa,b
δ = 0,
Γa,β
c = Γβ,a
c = −θµ(Ma
c)βµ,
Γa,β
δ = Γβ,a
δ = −(La)β
δ,
Γα,β
c = θµθν
(
(γaC−1)µα(Ma
c)βν − (γ
aC−1)µβ(Ma
c)αν
)
,
Γα,β
δ = θν
(
(γaC−1)να(La)β
δ − (γaC−1)νβ(La)α
δ
)
,
where
(Ma
c)αβ =
1
λ2 − µ2
(
λ(γaγ
cC−1)αβ + µ(γaγ5γ
cC−1)αβ
)
.
IV. A SUPERCURVATURE OF THE MINKOWSKI SUPERSPACE.
A curvature supertensor of the Riemannian supermetric (4) is defined by the formula [2]
RDBA
C = (−1)σ(D)σ(B)∂BΓDA
C − ∂DΓBA
C + (−1)σ(A)σ(B)ΓDA
FΓFB
C−
(−1)(σ(A)+σ(B))σ(D)ΓBA
FΓFD
C
and has the symmetry properties
RDCBA = −(−1)
σ(A)σ(B)RDCAB = −(−1)
σ(C)σ(D)RCDBA,
RDCBA = (−1)
(σ(A)+σ(B))(σ(C)+σ(D))RBADC ,
RDCBA + (−1)
σ(B)(σ(C)+σ(D))RBDCA + (−1)
(σ(C)+σ(B))σ(D)RCBDA = 0,
where
RDCBA = RDCB
F gFA.
6Using these formulae and the superconnection ΓA,B
C of Minkowski supermetric (7) found in the preceding
section we have
Rdba
c = Rdba
τ = 0,
Rdbα
c =
2θν
λ2 − µ2
(
γdbγ
cC−1
)
αν
,
Rdβa
c = −Rβda
c = −
θν
λ2 − µ2
(
γaγdγ
cC−1
)
βν
,
Rdbα
δ =
2
λ2 − µ2
(γdb)α
δ,
Rdβa
δ = −Rβda
δ = −
1
λ2 − µ2
(γaγd)β
δ,
Rδbα
c = −Rbδα
c =
(Mb
c)αδ +
θεθν
λ2 − µ2
(
2
(
γkC−1
)
εδ
(
γbkγ
cC−1
)
αν
+
(
γkC−1
)
εα
(
γkγbγ
cC−1
)
δν
)
,
Rδβa
c = (Ma
c)δβ + (Ma
c)βδ +
θεθν
λ2 − µ2
((
γkC−1
)
εβ
(
γaγkγ
cC−1
)
δν
+
(
γkC−1
)
εδ
(
γaγkγ
cC−1
)
βν
)
,
Rδβα
c = θε
(
−2
(
γkC−1
)
βδ
(Mk
c)αε +
(
γkC−1
)
βα
(Mk
c)δε+
(
γkC−1
)
δα
(Mk
c)βε +
(
γkC−1
)
εδ
(Mk
c)αβ +
(
γkC−1
)
εβ
(Mk
c)αδ −
−
(
γkC−1
)
εα
(Mk
c)δβ −
(
γkC−1
)
εα
(Mkc)βδ
)
+
θεθνθσ
λ2 − µ2
((
γkC−1
)
εδ
(
γlC−1
)
νβ
(
γkγlγ
cC−1
)
ασ
+
(
γkC−1
)
εβ
(
γlC−1
)
νδ
(
γkγlγ
cC−1
)
ασ
−
(
γkC−1
)
εα
(
γlC−1
)
νβ
(
γkγlγ
cC−1
)
δσ
−
(
γkC−1
)
εα
(
γlC−1
)
νδ
(
γkγlγ
cC−1
)
βσ
)
,
Rδβa
τ =
θν
λ2 − µ2
((
γkC−1
)
νβ
(γaγk)δ
τ +
(
γkC−1
)
νδ
(γaγk)β
τ
)
,
Rδbα
τ = −Rbδα
τ =
θν
λ2 − µ2
(
2
(
γkC−1
)
νδ
(γbk)α
τ+
(
γkC−1
)
να
(γkγb)δ
τ
)
,
7Rδβα
τ = −2
(
γcC−1
)
δβ
(Lc)α
τ
+
(
γcC−1
)
βα
(Lc)δ
τ
−
(
γcC−1
)
δα
(Lc)β
τ
+
θǫθν
λ2 − µ2
((
γcC−1
)
ǫδ
(
γaC−1
)
νβ
(γcγa)α
τ
+
(
γcC−1
)
ǫβ
(
γaC−1
)
νδ
(γcγa)α
τ−
(
γcC−1
)
ǫα
(
γaC−1
)
νβ
(γcγa)δ
τ
−
(
γcC−1
)
ǫα
(
γaC−1
)
νδ
(γcγa)β
τ
)
.
V. THE EINSTEIN SUPEREQUATIONS.
The Ricci tensor and the scalar curvature of the Riemannian supermetric (4) are defined by the equations
[2]
RBA = (−1)
σ(F )(σ(F )+σ(A))RBFA
F ,
R = gABRBA.
From here using the formulae of the section IV and the equations (10)–(13) we obtain Ricci curvature
components of the Minkowski supermetric (7)
Rab =
4
λ2 − µ2
gab,
Rbα =
4
λ2 − µ2
gbα,
Rβa =
4
λ2 − µ2
gβa,
Rαβ =
4
λ2 − µ2
gαβ + 4Aαβ
(where Aαβ is given by the equation (11)) and finally a scalar curvature
R = −
16
λ2 − µ2
.
By writing the Einstein equations with cosmological constant
RAB −
1
2
RgAB + ΛgAB = TAB (17)
we find that the Minkowski supermetric (7) is the solution of these equations with cosmological constant
Λ = −
12
λ2 − µ2
and stress-energy supertensor
TAB =

 0 0
0 4(λ2 − µ2)−1
(
λ(C−1)αβ + µ(γ5C
−1)αβ
)

 (18)
with zero bosonic and nonzero fermionic parts. It is important to note that cosmological constant is nonzero
for any values of real parameters λ, µ, λ 6= ±µ of the Minkowski superspace-time family.
8VI. CONCLUSION
We follow earlier proposed in [1] scheme of obtaining supergeneralizations of classical solutions of General
Relativity. On the first stage, this scheme includes constructing supersymmetric expansions of corresponding
space-time symmetry groups, then finding solutions of supersymmetric Killing equations and analyzing
corresponding Einstein superequations. In this paper the scheme is realized for the Minkowski space whose
symmetry group is the Poincare group and its supersymmetric expansion is the Poincare supergroup. The
supergeneralization of the Minkowski metric is the Minkowski supermetric SM(4, 4|λ, µ) (7) depending
on two real parameters λ, µ obeying the only condition of nondegeneracy of the supermetric λ 6= ±µ.
Using the V. P. Akulov and D. V. Volkov’s formulae of super-Riemannian geometry [2] we calculated a
superconnection and a supercurvature of the Minkowski superspace. It was shown that the curvature of
the Minkowski superspace does not vanish, and the Minkowski supermetric is the solution of the Einstein
superequations (17), so the eight-dimensional curved super-Poincare invariant superuniverse SM(4, 4|λ, µ) is
supported by purely fermionic stress-energy supertensor (18) with two real parameters λ, µ, and, moreover,
it has non-vanishing cosmological constant Λ = 12/(λ2 − µ2) defined by these parameters that could mean
a new look at the cosmological constant problem.
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